Mini-ML

Expressions

M = zltrue|falselif M then M else M| x(M)|M Mlletz =
M in M |nil|M :: M|case M of nil = M|z :: x = M

Types

7 1= albool|T — T|7list
o ::=VA(r) where A € P(TyVar)
Identify schemes up to a-equivalence

Say ¢ > 71 where 0 = Vaq,...

T'[t1/aq, ..., T /ay] for some T;

yan(Th) if T =

Environments I' are finite functions from variables to type

schemes

Rules

Fka:7if (z:0)eTand o > 7
'k B :bool if B € {true, false}

I'M;:bool THFMy:7 I'FMsz:T
I'Fif My then My else Mz : T

I'Enil : Tlist
I'EMy:7 T'FMsy:7list
' My :: My 7 list
F"MliTlliSt F"MQZTQ F,,’B12717.’E22T11i8t|_M32T2
Tt case My of nil = Ms|xy :: o = M3 : 1o
if 1,29 ¢ dom(T") and 1 # x4
Fe:mbEM:m
THXe(M):7m — 7o if ¢ dom(T)
I'EMy:m — 1 I'EMy:m
F"Ml MQZTQ
M7 T,z :VA(T)E My: 7/
T'Fletx =My in My : 7'
fto(r) = fto(T)
We write ' - M : o if A = fto(r) — fto(T), 0 = VA(7) and
'+ M : 7 is derivable

if x ¢ dom(T') and A =

A closed type scheme VA(T) is the principal type scheme of a
closed expression M if:

o b M :VA(T)

e For any other closed type scheme VA'(7), if H M : VA’ (1)
then VA(T) > 7/

Type Inference

There is an algorithm mgu which determines whether two types
Tand 79 are unifiable and its unifying substitution S so that:

[ ] S(Tl) = S(’TQ)
e For all §' € Sub, if S’(11) = S'(72) then S’ = T'S for some
T e Sub

Principal solutions to typing problems I' = M :? are pairs (S, o)
such that:

e STFM:o
e For all (5,0"),if ST+ M : o’ then there is some T € Sub
so that TS = 5" and T'(0) > o’

An algorithm exists to determine the principal type of a given
expression. Some clauses are:

e Function abstraction pt(T' + Az(M) :7)

— leta = freshin

—let (S, 7)=pt(T,z:ak M :?)in(S,S(a) — 1)
e Function application pt(I" F M7 Ms :?)

— let (Sl, 7'1) = pt(l—‘ [ M1 7) mn
let (SQ, 7'2) = pt(51F - M2 7) mn

leta = freshin
— let S3 = mgu(Sa1, 70 — ) in (535251, S3())

e Conditionals pt(T" - i f My then My else M3 :?)

— let (S1,m1) =pt(T'F My :?)in

let So = mgu(ry, bool) in

let (S3,73) = pt(S251T F My :?)in

— let (S, 74) = pt(S3525: T+ M3 :?)in

let S5 = mgu(SaTs, 74) in (5554535251, S574)

Midi-ML

Expressions

M = .. |Q|ref M|!M|M := M

Types

T u=...|unit|Tref



Rules

T'E(): unit
'EM:r
'kref M:7ref
TEFM:7ref
T'HIM: T
T'EMy:7ref THMy:T
F"Ml ::Mgzum't

Unfortunately this is type unsound. To restore type soundness
we must modify the let rule:

M :m T,ax:VA(m)&F My :m
I'klet x = My in My : 7o if £ ¢ dom(l') and A =
{} if M, is not a value
{ fto(m) — fto(T) otherwise

This effectively forces references to be monomorphic, since ref-
erences are not considered to be values.

Polymorphic Midi-ML

Types

7 2= albool|m — w|mw list|Vo(r)

Now environments I' are finite functions from variables to =«
types.

Rules

We replace the original variable typing rule with the following
three in this language:

Fka:mif(z:m) el

I'-M:m
' M :Va(n)if a ¢ ftu(T)

'k M :Va(r)
T'HM:r[r'/a]

In this system, the type checking and typeability problems are
equivalent and undecidable.

Polymorphic Lambda Calculus

Expressions

M = z|Az: 7(M)|M M|Aa(M)|M T

We now have beta-reduction on types: (Aa(M))r — M[1/a]

Types

T u=a|r = 7|Va(r)

Now environments I' are finite functions from variables to PLC
T types.

Rules

'Fz:7if (z:7)el
Fx:mbEM:7m

Xz :m(M): 71 — o if z € dom(T)

'EMy:mm — 1 THEMy:m
'k Ml MQ L T9
'-M:r
'k Aa(M) :Va(r) if a ¢ fto(T) (important!)
' M :Va(n)

M 1 m[r/q]

Now, for every PLC typing problem I' = M :7 there is at most
one PLC type 7 for which I' - M : 7 is provable. An algorithm
exists to determine this type, some clauses of which are:

e Function abstraction typ(T' - Az : 7 (M) :7)
—letrg =typ(T,x 1 =M :)inm — 7o
e Type generalization typ(I' - Aa(M) :7)
— lett =typ(T'+ M :?) inVa(r)
e Type specialisation typ(I' - M 75 :7)

— lett =typ(T'+ M :?)in
— casetofVa(r) — mi[re/a)| _ — FAIL

Properties

Say M — M’ if M beta-reduces to M’ in one step up to alpha-
conversion. Call — = the transitive reflexive closure of this. M
is in beta-normal form if it contains no redexes.

If '+ M : 7 then:

Subject reduction: if M — M’ then '+ M’ : 7

Church-Rosser: if M — xM; and M — xMsthen there is
M' with M; — «*M' and My — M’

Strong normalization: there is no infinite chain of beta-
reductions starting from M

e Hence we can test equality of any terms M, M’



Datatypes
Booleans

bool £ Va(a — (a — «a))
True = Aa(Axy : o,z @ a1y))
False 2 Aa(A\xy : o, 75 : a3))

if 2 Aa(X\b: bool,x1 : o, o : a(baxy x3))

Lists

alist 2Va/(o/ — (a — o/ — o) — )
Nil & Aa,o'( M2’ 1o/, f 1 a — o/ — o/(2))

Cons = Aa(A\r : a,l @ alist(Ad/(M\’ : o', f : a — o —
o/(fa(la"2' [)))))

iter = Ao, o'\’ : o/, f i — o — o' (N : alist(la’ 2’ f)))

Curry-Howard

Logic — Type system
propositions, ¢ — types, T
constructive proofs, p expressions, M
"p is a proof of ¢" — "M is an expression of type 7"
simplification of proofs « reduction of expressions

Dependent Types

Dx:obM:o'(x)
PEXz:o)(M):(z:0)(d'(z))
PEM:I(z:0)(c'(z)) THFM :0o

'EM M o' (M)




