
Tarski

f : Pow(S)→ Pow(S) is monotone if ∀S, S′.S ⊆ S′ ⇒ f(S) ⊆
f(S′).

For monotonic f , µX.f(X) =
⋂
{s ⊆ S | f(s) ⊆ s} and

νX.f(X) =
⋂
{s ⊆ S | s ⊆ f(s)}.

f : Pow(S) → Pow(S) is ∪-continuous if for all increasing
chains Xi we have

⋃
n∈ω f(Xn) = f(

⋃
n∈ωXn).

f : Pow(S) → Pow(S) is ∩-continuous if for all decreasing
chains Xi we have

⋂
n∈ω f(Xn) = f(

⋂
n∈ωXn).

For ∪-continuous f , µX.f(X) =
⋃
n∈ω f

n(∅) .

For ∩-continuous f , νX.f(X) =
⋂
n∈ω f

n(S).

For finite sets, since all chains are stationary all monotonic func-
tions are continuous.

CCS

p ::= nil | (τ → p) | (α!a → p) | (α?x → p) | (b → p) |p0 +
p1 | p0||p1 | p\L | p[f ] |P (a1, . . . , ak)

(τ → p)
τ−→ p

a→ n

(α!a→ p)
α!n−−→ p

(α?x→ p)
α?n−−→ p[n/x]

b→ true p
λ−→ p′

(b→ p)
λ−→ p′

p0 → p′0

p0 + p1
λ−→ p′0

p1
λ−→ p′1

p0 + p1
λ−→ p′1

p0
λ−→ p′0

p0||p1
λ−→ p′0||p1

p1
λ−→ p′1

p0||p1
λ−→ p0||p′1

p0
α?n−−→ p′0 p1

α!n−−→ p′1

p0||p1
τ−→ p′0||p′1

p0
α!n−−→ p′0 p1

α?n−−→ p′1

p0||p1
τ−→ p′0||p′1

p
λ−→ p′ λ ≡ α?n ∨ λ ≡ α!n⇒ α /∈ L

pL
λ−→ p′L

p
λ−→ p′

p[f ]
f(λ)−−−→ p′[f ]

p[a1/x1, . . . , ak/xk]
λ−→ p′

P (a1, . . . , ak)
λ−→ p′

Pure CCS

p ::= nil |λ.p |
∑
i∈I pi | (p0||p1) | p\L | p[f ] |P | rec(P = p)

l ::= α?n |α!n

λ ::= l | l̄ | τ

λ.p
λ−→ p

pj
λ−→ q j ∈ I∑
i∈I pi

λ−→ q

p0
λ−→ p′0

p0||p1
λ−→ p′0||p1

p1
λ−→ p′1

p0||p1
λ−→ p0||p′1

p0
l−→ p′0 p1

l̄−→ p′1

p0||p1
τ−→ p′0||p′1

p
λ−→ p′

p[f ]
f(λ)−−−→ p′[f ]

p
λ−→ q P = p

P
λ−→ q

p[rec(P = p)/P ]
λ−→ q

rec(P = p)
λ−→ q

Hennesey-Milner Logic

[λ]A = ¬ 〈λ〉 ¬A

Finitary: A ::= T |F |A0 ∧A1 |A0 ∨A1 | ¬A | 〈λ〉A

Infinitary: A ::=
∧
i∈I Ai | ¬A | 〈a〉A

p � q ⇐⇒ ∀A.(p � A)⇔ (q � A)

Modal µ-Calculus

A ::= T |F |A ∧B |A ∨B | ¬A | 〈a〉A | 〈.〉A | νX.A

µX.A = ¬νX.¬A[¬X/X]
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S = S if S ⊆ P
T = P
F = ∅

A ∧B = A ∩B
A ∨B = A ∪B
¬A = P\A
〈a〉A = {p ∈ P |∃q.p a−→ q ∧ q ∈ A}
〈.〉A = {p ∈ P |∃a, q.p a−→ q ∧ q ∈ A}
νX.A =

⋃
{S ⊆ P |S ⊆ A[S/X]}

CTL

s � EX A iff there exists a path from s whose next state satisfies
A.

s � EGA iff there exists a path from s along which A holds
globally.

s � E[A0UA1] iff there exists a path from s where A0 holds
until A1 does.

Local Model Checking

For monotonic f , S ⊆ νX.f(X) ⇐⇒ S ⊆ f(νX.(S ∪ f(X))):
this is the Reduction lemma.

The assertion νX{p1, . . . , pn}A denotes νX.({p1, . . . , pn} ∨A).

p � S = p ∈ S
p � T = true
p � F = false
p � ¬B = ¬T (p � B)

p � A0 ∧A1 =
p � A0 ∨A1 =
p � 〈a〉B =

where {q1, . . . , qn} = {q|p a−→ q}
p � 〈.〉B =

where {q1, . . . , qn} = {q|∃a.p a−→ q}
p � νX{~r}B = true if p ∈ {~r}
p � νX{~r}B = p � B[νX{p, ~r}B/X] if p /∈ {~r}

Bisimulation

A strong bisimulation is a binary relation R such that if pRQ:
(∀λ, p′, p λ−→ p′ ⇒ ∃q′.q λ−→ q′∧p′Rq′)∧(∀λ, q′.q λ−→ q′ ⇒ ∃p′.p λ−→
p′ ∧ p′Rq′).

∼=
⋃
{R|R is a strong bisimulation} =�

If p ∼
∑
i∈I αi.pi and q ∼

∑
j∈J βj .qj then (p||q) ∼∑

i∈I αi(pi||q) +
∑
j∈J βj(p||qj) +

∑
{τ.(pi||qj)|ai = β̄j}

Petri Nets

General Nets

Have places/conditions P , transitions/events T , precondition
map pre : T → mP , postcondition map post : T → m∞P and
capacity function Cap ∈ m∞P . A state is a marking M such
that M ≤ Cap.

M
t−→M ′ ⇐⇒ .t ≤M ∧M ′ = M −� t+ t�

Basic Nets

Have conditions B, events E, precondition map pre : E →
Pow(B), postcondition map post : E → Pow(B). A state is a
marking M such that M ⊆ B.

M
ε−→M ′ ⇐⇒ (�e ⊆M ∧(M\�e)∩e� = ∅)∧(M ′ = (M\�e)∪e�)

Have contact when �e ⊆M∧(M\�e)∩e� 6= ∅, safe when contact
cannot be reached

Basic Nets With Persistent Conditions

Augmented with subset of persistent conditions P.

M
ε−→ M ′ ⇐⇒ (�e ⊆ M ∧ (M\(P ∪� e)) ∩ e� = ∅) ∧ (M ′ =

(M\�e) ∪ e� ∪ (M ∩ P ))

HOPLA

P,Q ::= .P |P→ Q |
∑
a∈A aPa |P |µj ~P~P

t, u ::= x | rec x t |
∑
i∈I ti | � t | [u > �x⇒ t] |λx t | t u | a t |πa(t)

Types

Γ(x) = P
Γ ` x : P
Γ, x : P ` t : P
Γ ` rec x t : P
Γ ` tj : P j ∈ I
Γ `

∑
i∈I ti : P

Γ ` t : P
Γ ` �t : �P
Γ ` u : �P Γ, x : P ` t : Q

Γ ` [u > �x⇒ t] : Q

Γ, x : P ` t : Q
Γ ` λx t : P→ Q
Γ ` t : P→ Q Γ ` u : P

Γ ` t u : Q
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Γ ` t : Pb b ∈ A
Γ ` b t :

∑
a∈A aPa

Γ ` t :
∑
a∈A aPa b ∈ A

Γ ` πb(t) : Pb

Γ ` t : Pj [µ~P~P/~P ]

Γ ` t : µj ~P~P

Γ ` t : µj ~P~P

Γ ` t : Pj [µ~P~P/~P

Actions

p ::= � |u 7→ p | a p

.P : � : P
u : P Q : q : Q′

P→ Q : (u 7→ q) : Q′

Pa : p : P′∑
a∈A aPa : a p : P′

Pj [µ~P~P/~P ] : p : P′

µj ~P~P : p : P′

Transitions

P : t[rec x t/x]
p−→ t′

P : rec x t
p−→ t′

P : tj
p−→ t′ j ∈ I

P :
∑
i∈I ti

p−→ t′

�P : �t
�−→ t

�P : u
�−→ u′ Q : t[u′/x]

q−→ t′

Q : [u > �x⇒ t]
q−→ t′

Q : t[u/x]
p−→ t′

P→ Q : λx t
u7→p−−−→ t′

P→ Q : t
u 7→p−−−→ t′

Q : t u
p−→ t′

Pa : t
p−→ t′∑

a∈A aPa : a t
a p−−→ t′∑

a∈A aPa : t
a p−−→ t′

Pa : πa(t)
p−→ t′

Pj [µ~P~P/~P ] : t
p−→ t′

µj ~P~P : t
p−→ t′

Term t where x : P ` t : Q is linear when ∀I.t[
∑
i∈I ui/x] ∼∑

i∈I t[ui/x]
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